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Abstract

Life table response experiments (LTREs) are studies that quantify the population-level effects of environmental
factors by measuring a set of vital rates (a life table) under two or more conditions (treatments). The vital rates are
incorporated into a demographic model and the population growth rate A is calculated to summarize the treatment
effects at the population level. A previous paper introduced a way to measure the contribution of each vital rate to
the overall treatment effect on A. Here, I generalize this method from age-classified models to models based on size
or stage. I present methods for three parameterizations (in terms of the matrix entries, in terms of lower-level vital
rates, and in terms of the life cycle graph, including age at maturity) of size- or stage-classified models. In each case,
the contributions are calculated from the treatment effects on the vital rates and the sensitivity of A to changes in
the vital rates. Examples are presented of the effects of fire on a tropical grass, of geographical location on killer
whales (orcas), and of pollutants on a marine polychaete. In analyzing LTREs, it is not safc to assume that the most
obvious treatment effects on the vital rates are the most important.
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1. Introduction

Life table response experiments (LTREs) are
studies that quantify the population-level effect
of environmental factors by measuring a com-
plete set of vital rates (a life table) under several
conditions (treatments). The terminology was in-
troduced by Caswell (1989a) to describe an ap-
proach that dates back to Pearl (1928, for exam-
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ple) and Lotka (1936), and was introduced into
ecology by Birch (1953). The terms ‘experiment’
and ‘treatment’ are used loosely, to include not
only manipulative experiments but also compara-
tive observations under natural conditions.

The effects of almost any environmental factor
are diverse (affecting survival, reproduction,
growth, and other vital rates) and stage-specific
(affecting some parts of the life cycle more than
others). Thus, interpreting LTREs requires a de-
mographic model to synthesize the vital rates into
a measure of population performance. The most
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frequently used is the population growth rate A
(or, in continuous time, r = log A). This character-
izes the population response to the environment
in terms of the rate of population growth that
would be supported if the treatment conditions
were to be maintained. Its use does not require
the assumption that conditions will in fact remain
constant (Caswell, 1989b).

The first paper in this series (Caswell, 1989a)
introduced a method for decomposing the effects
of treatments on A into contributions from each
of the vital rates. This requires a measurement of
the treatment effect on each of the vital rates and
the sensitivity of A to changes in each of the vital
rates. A large effect on a vital rate to which A is
insensitive may contribute much less to variation
in A than a much smaller effect on a vital rate to
which A is more sensitive.

The sensitivity of population growth rate to
changes in the vital rates is easily calculated for
matrix population models (Caswell, 1978, 1989b).
Let 4 be a population projection matrix, with
entries a;;. The population growth rate is given
by the dominant eigenvalue A of A (if 4 is
irreducible and primitive, such an eigenvalue is
guaranteed to exist by the Perron—Frobenius the-
orem). The stable stage distribution and the re-
productive value distribution are given by the
corresponding right and left eigenvectors, w and
v, respectively. The sensitivity of A to changes in
the entries of the matrix is given by

aA UW;

2, ~ o) (1)

where (v,w) denotes the scalar product.

In Caswell (1989a, b) LTRE analysis was pre-
sented in terms of age-classified models. In this
paper, 1 present methods for analyzing more gen-
eral size- or stage-classified models. Such models
can be parameterized in several ways, each corre-
sponding to a different choice of how the ‘vital
rates’ are to be defined. In this paper, I explore
three of the most important of these parameteri-
zations and show, with examples, how to decom-
pose treatment effects into contributions from
each of the vital rates. Subsequent papers in this
series will consider regression designs (Caswell,

1996a; Caswell and Martin, 1994) and variance
decomposition in random designs (Caswell and
Dixon, 1994).

2. Parameterizations of stage-structured LTREs

Age-classified models are naturally parameter-
ized in terms of the survivorship [/(x)] and mater-
nity [m(x)] functions, or their discrete counter-
parts, the age-specific survival probabilities (P;)
and fertilities (F;). The P, and F; appear in the
subdiagonal and the first row of an age-classified
Leslie matrix, respectively.

Stage-structured models, on the other hand,
can have an arbitrary structure, and can be pa-
rameterized in many different ways. The choice
of a parameterization determines the variables in
terms of which the results will be expressed. I will
consider three possibilities here: the entries of
the stage-structured matrix, the underlying vital
rates, and the life cycle graph. I will give exam-
ples of the application of each parameterization.

2.1. Stage-structured matrix entries

The simplest parameterization is directly in
terms of the stage-classified matrices themselves.
Suppose that there are p treatments, yielding
population projection matrices 4™ and rates of
increase A, for m=1,...,p. (To avoid confu-
sion, I will use superscripts to define treatments,
and subscripts to denote matrix elements.) Define
a baseline, or reference, treatment, to which the
others are to be compared. This may be a mean,
as in analysis of variance, or a control, or any
other treatment of particular interest. Denote the
reference population projection matrix by A,
with the corresponding rate of increase A’. The
effect of treatment m on A can then be decom-
posed into contributions from each of the matrix
entries

aA
Yias r
Am - X = T (aff - aff)) o— )
i ij
The partial derivatives in Eq. 2 must be evaluated
somewhere between the treatment matrix A'™
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and the reference matrix 4. The mean value
theorem guarantees that somewhere in there lies
a point where the approximation becomes exact. 1
have had excellent results evaluating the deriva-
tives at the mean of the two matrices; i.e., at
(A" + A7) /2,

Each term in the summation in Eq. 2 is a
contribution of the effect of treatment m on one
of the matrix entries to the overall treatment
effect on A. The contributions depend on the
effect of the treatment on the matrix entry and
on the sensitivity of A to that effect.

In factorial designs, with multiple cross-classi-
fied factors, the main effects of each factor, and
the interaction effects among factors, can be simi-
larly decomposed using the formulae in Caswell
(1989a).

This decomposition is directly analogous to the
use of linear statistical models to decompose the
results of experiments into an additive set of
treatment effects. In this case, however, we have
the advantage of knowing the slopes of the linear
model (i.e., the sensitivities), because the variable
of interest is a matrix eigenvalue. The accuracy of
the linear approximation can be evaluated by
seeing how well Eq. 2 approximates A“™ — A", It
is possible to extend the model to include
second-order terms (Caswell, 1996b) if necessary.

2.1.1. An example

Fires, both natural and anthropogenic, are an
important environmental factor in tropical savan-
nas, with major impacts on species composition
and life history evolution. Silva et al. (1991) stud-
ied the effects of fire on the savanna grass An-
dropogon semiberbis in Venezuela. A size-classi-
fied model was constructed, with matrices 4*
and A%’ under burned and unburned conditions,
respectively:

008 163 242 4.40

w_|021 064 035 0.16
& 0 0.9 043 024 (3)
0 003 023 048
0 071 039 3.59
w_|0018 016 014 009
4 0 008 007 021 )

0 0 0.01 0.07

The stages in this model are size classes defined
in terms of numbers of tillers (1, 2-10, 11-20,
and > 20, respectively).

A glance at the two matrices shows that all the
entries in A'®) are larger than the corresponding
entries in 4™, Reproduction was greatly in-
creased by burning (compare the entries in the
first row), as was survival of large plants (compare
a,,) and survival and growth of stages 2 and 3
(compare the entries in rows 2 and 3, columns 2
and 3). Not surprisingly, population growth rate
was much higher in the burned (A®’ = 1.2524)
than in the unburned (A*) = 0.2762) treatment.
The question is, which of the many differences in
the matrix entries are most important in deter-
mining this difference?

The matrix of sensitivities, calculated by apply-
ing Eq. 1 to the mean of A® and A“), is

0.2039 0.0770 0.0226 0.0076

o 1.3311 0.5024 0.1475 0.0495 (5)
1.7448 0.6586 0.1934 0.0649
2.6974 1.0181 0.2990 0.1003

Treating A" as the reference matrix, and multi-
plying each element of S by the corresponding
element of 4®) — A" gives the matrix of contri-
butions

0.0163 0.0711 0.0459 0.0061

= 0.2560 0.2423 0.0316 0.0033 (6)
0 0.0724 0.0696 0.0019
0 0.0305 0.0658 0.0411

The entries of C sum to 0.9540, which is a very
good approximation to the treatment effect A®’
— X =0.9762.

From C it is clear that the effect of fire on
population growth rate does not come through its
effects on reproduction or on survival of large
plants, large though those effects may be. Indeed,
fully 60% of the effect on A comes from changes
in the upper left 2 X 2 submatrix; i.e.,, on the
effects on the smallest two size classes. The first
three size classes account for 82% of the overall
effect on A.

2.2. Underlying stage-specific vital rates

The matrix entries a,; can often be expressed
as combinations of two or more underlying vital
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rates. For example, size-classified populations are
often modelled by matrices of the form
PI F2 F.‘i F4
G, B0 0
S O |
0 0. Gy B

(7)

The F, are size-specific fertilities, the P, are
probabilities of surviving and remaining in the
same size class, and the G, are the probabilities
of surviving and growing into the next size class.
The P, and G, depend on both survival and
reproduction, and can be written in terms of

these underlying vital rates
Pi=0(1-7v) (8)
G, =g, (9

where o; and vy, are the survival and growth
probabilities for stage i, respectively. (Note that
in some cases, such as the example given below,
the fertilities may also contain survival and/or
growth terms.)

Because the contribution of a;; to a treatment
effect on A could come from effects on survival,
on growth, or on both, interpreting LTREs in
terms of the matrix entries can be ambiguous.
Contributions from effects on survival and growth
individually; i.e., on o; and y,, may be much more
revealing. The analysis proceeds by recognizing
that the o}, y; and F,; parameterize the matrix just
as well as the matrix entries themselves do. Thus
the decomposition analysis can be written

A0 ) = E (0"—("” =t O'i(”)ﬁ-

i da;
+ 2(75"”—?;”)“
Fim) _ (r) a’\ 10

As before, each term in each of the summations
is the contribution of a treatment effect to the
effect on A, but now the effects are described in
terms of the underlying vital rates rather than the
matrix entries themselves.

Eq. 11 requires the sensitivities of A to changes
in the lower-level vital rates; these are given by

A 9A 3P, 8A 9G,
- 4 s et (11)
dg; 0P do; 0G; do;
oA i dA v
e — ) 4+ —
TSR R arvon’ (12)
A 9A 3P, 9A OG,
=t (13)
dy; OF; dy; 9G; ¥y,
oA dA i
= — — + —
7~ + 55 () (14)

In general (Caswell, 1989a), the sensitivity of A to
changes in any underlying vital rate x is given
simply by

0A aa

-—Z— e (15)

2.2.1. An example

Brault and Caswell (1993) developed a stage-
classified model for the population of killer
whales, or orcas (Orcinus orca) in the coastal
waters of Washington State and British Columbia,
based on extensive demographic data from Bigg
et al. (1990) and Olesiuk et al. (1990). Four stages
(yearlings, immatures, matures, and post-repro-
ductives) were identified, leading to a matrix with
the form of Eq. 7 with P, = 0 (because the first
stage lasts one year by definition) and F,=0
(because the last stage is post-reproductive). The
matrix entries depend on the lower-level vital
rates o;, y;, and m (the mean calf production per
female). The relations between these lower-level
parameters and the matrix entries, using the
size-classified birth-flow formulation of Caswell
(1989b), are

G, =0c?

P, =0

Gy =v,0,

P,=(1-7v;)o,

G;=v;03
=(1-73)oy

P,=a,

F,=al*G,m/2
Fy=al?(1+P)m/2






